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We show that for each generalized local dendrite Y there are a generalized dendrite X and an 
exactly (n, 1) perfect mapping of X onto Y for n = 1 or n = 4. And hence that for each local 
dendrite Y there are a dendrite X and an exactly (n, 1) mapping of X onto Y for n = 1 or n =4. 
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A mapping (i.e. a continuous function ) f: X + Y is exactly (n, 1) if f-‘(y) 
contains exactly n points, for each y E Y. 
In [6], Nadler and Ward show that if Y is a Peano continuum containing a simple 
closed curve and n 2 2, then there is a continuum X that maps exactly (n, 1) onto 
Y 
In this paper, we sharpen the Nadler and Ward result; we show that if Y is a 
local dendrite containing a simple closed curve then there is a dendrite X that maps 
exactly (4, 1) onto Y. We show also that if Y is a graph then the X constructed is 
a tree, and we extend the results to the non-compact (generalized) case. 
A continuum is a compact connected metric space. (A generalized continuum is 
a locally compact connected metric space.) A local dendrite is a locally connected 
continuum which contains at most a finite number of simple closed curves. A local 
dendrite is called a dendrite if it contains no simple closed curve. A local dendrite 
is called a graph if it contains at most a finite number of end points. A connected 
set embeddable into a graph is called a generalized graph. A graph is called a tree 
if it contains no simple closed curve. Throughout, E(X) will denote the set of all 
end points and R(X) the set of all ramification points of the local dendrite X, and 
we put V(X) = E(X) u R(X). Given a tree T, by an edge is meant an arc ab c T 
such that ab n V(T) = {a, b}. 
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To obtain the main results we need the following two lemmas and two propositions. 
Lemma 1. Each generalized local dendrite Y is the union of two generalized dendrites 
A and B, the intersection of which consists of a generalized dendrite D and a finite set 
S. In particular, if Y is a generalized graph, then A, B and D are generalized trees. 
Proof. Assume Y contains a simple closed curve since the lemma is obvious if Y 
is a generalized dendrite. 
First we construct a set S as follows. According to the assumption, Y contains 
a simple closed curve. Take an arbitrary point lying in this simple closed curve 
which is of order 2 in Y, and denote it by d, . If Y\{d,} contains no simple closed 
curve, define S = {d,}. If not, there is a simple closed curve in Y\{d,}. Take again 
an arbitrary point lying in this simple closed curve which is of order 2 (in Y), and 
denote it by dz . If Y\{ d, , dz} contains no simple closed curve, define S = {d, , d2}. 
If not, there is a simple closed curve in Y\{d,, dz} and the inductive procedure is 
continued. Since Y contains at most a finite number of simple closed curves, the 
inductive procedure is finite and leads to the set S = {d, , d2, . . . , d,}, where the 
points d,, dZ, . . , d, are distinct. 
Next we construct a generalized dendrite D. Let G be a maximal (with respect 
to inclusion) subcontinuum of Y which contains no end points of itself. It follows 
that G is a graph which contains the set S. Note that R(G) n S = (4. For each 
iE{1,2,..., n} let aibi be an arc in G such that a,b, n R(G) = 0 and di E int qb,. Put 
W= G\U{a,bi\{ai, bi}: ic {1,2,. . . , n}}. Define D as the component of 
Y\U{aibi\{ai, b,}: i E {1,2, . . . , n}} which contains W. Consequently, define A and 
B as the components of 
Y\U{dibz\{div bil: i E {I,&. . . , n)l, 
and 
Y\U{@i\{a,, dil: i E {1,2,. . . , nil, 
respectively, which contain W. Observe that A, B and D are generalized dendrites, 
Y=AuBandAnB=DuS. 
Finally, it follows from the construction that if Y is a generalized graph, then 
A, B and D are generalized trees. This completes the proof. 0 
Corollary. Each local dendrite Y is the union of two dendrites A and B, the intersection 
of which consists of a dendrite D and a$nite set S. In particular, if Y is a graph, then 
A, B and D are trees. 
To prove the next lemma we need the following three auxiliary classes of mappings 
from an arc onto itself. 
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Let A be an arc and let F, , F2 and FX be classes of mappings from A onto itself 
defined as follows (compare 5 4 of [3, p. 4831 and B 2 of [5, p. SO]): 
(1) The map f is in F, if there is an increasing sequence of four distinct points 
a,, aI, a2, a3 of the arc A = uoa3 ordered from a, to a3 such that for each i E (0, 1,2} 
the partial mapping f(a,ai+, is a homeomorphism from the arc a,ai+, onto A with 
f(a,) = a3 and f(aJ = a,. 
Then cardf-‘(a,)=card_/-‘(a,)=2 and cardf-‘(x)=3 for each x~A\{a,, a3}. 
(See Fig. 1.) 
(2) The map f is in F2 if there is an infinite increasing sequence of distinct points 
aa, aI, a2,. . . of the arc A = aOa, ordered from a, to a, which is convergent to a 
and such that for each i E { 1,2,. . .} the partial mapping flaiai+, is a member of F, 
with f( ai) = U, and f(a) = U. 
Then cardf-‘(a,) = 2, cardf-‘(a) = 1 and cardf-‘(x) = 3 for each x E A\{a,, a}. 
(See Fig. 2.) 
Fig. 1. 
aO al a2 a3 a 
Fig. 2. 
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(3) The map f is in Fj if there is a point Q, E A\{aO, a}, where a,a = A, such that 
flalao and flala are members of F2 with f-‘(u) = a and _/-‘(a,) = a,. 
Then cardf-‘(a,) = cardf-‘(a) = 1 and cardf-‘(x) =3 for each x E A\{u,, a}. 
(See Fig. 3.) 
Using classes FI, Fz and F3 we prove the following lemma. 
Lemma 2. Let T be a tree with endpoints E(T) = {e, , e2, . . . , ek}. Then there is a 
mapping g of T onto itself such that g( e,) = e, , card g-‘( e,) = 2, card g-‘( e,) = 1 for 
each i>l, and cardg-‘(y)=3foreuchyET\E(T). 
Proof. Let A, be the arc e,ez in T. There is a map f, in F2 defined on A, such that 
f,(x) =x for each x in the finite set R(T) n A,. (Choose each x in R(T) n A, to 
be some Ui in the definition of Fz.) Define glA, to be f, . Let A, be the arc in T 
from e3 to A,. There is a map fz in F,, defined on AZ, such that fi(x) =x for each 
x in R(T) n AZ. Define g[A, to be f2. Likewise define glA,, where Ai is the arc in 
T from et+, to A,U. . . IJAi_1, to be an appropriate member of F,, for i E 
{3,4, ‘. . , k - l}. The proof is complete. 0 
Using Lemmas 1 and 2 we prove the following proposition. 
Proposition 1. Each generalized local dendrite Y containing a simple closed curve is 
the image under an exactly (4,l) perfect mapping defined on some generalized dendrite 
X. In particular, if Y is a generalized graph, then X is a generalized tree. 
Proof. By Lemma 1, Y is the union of two generalized dendrites A and B, the 
intersection of which is a generalized dendrite D and a finite set S. Since Y contains 
a simple closed curve, we conclude from the proof of Lemma 1 that S is non-empty 
and disjoint from D. Put S = {z,, z2, . . . , z,}, where z, , z2, . . , z, are distinct. Let 
a--------- 
a 
Fig. 3. 
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A’ and B’ be copies of A and B, respectively, and denote by DA and Ds copies of 
D which are in A’ and B’, respectively. Consider the free union U = A’@ B’ and 
let p be an equivalence relation on U which identifies the generalized dendrites DA 
and Ds only, i.e., p identifies pairs (dA, d,), where dA E Da and ds E DB are copies 
of a fixed point d E D. Since A’, B’, Da and DB are generalized dendrites, we 
conclude by Theorem 4 of [ 1, p. 721 that the quotient space T = U/p is a generalized 
dendrite in the adjunction topology. 
Let A, and B, be copies of A and B which are in T, and denote by x, , x2, . . . , x, 
and y,, ~2,. . . , y, copies of the points z,, z2,. . . , z, which are in AT and BT, 
respectively. We distinguish in T a tree M whose end points are just the points 
x1,x2,..., x, andy,,y,,... , y,. Further, let T’, T2 and T3 be copies of T, and let 
M“ be a copy of M. We distinguish in T’, T2 and T3 copies M’, M2 and M3 
(respectively) of M. For each i E {1,2,3,4} denote by xi a copy of the point x, 
which is in M’. Consider the free union 
V=T@T’OT2@T3@M4, 
and let u be an equivalence relation on V which identifies the sets M, M’, M2 and 
M3, and also the points x,, xi, xf, x: and x:, only. Note that X = V/u is ageneralized 
dendrite (in the adjunction topology). 
Now we are going to define a mapping f from X onto Y as a composition of 
three mappings f, , f2 and f3. To this end we distinguish the following subsets of X. 
X, is the union of copies of T, T’, T2 and T3. Note that it is the union of four 
copies A” of A and four copies B” of B. X2 is a copy of M4, and x E X2 is a copy 
of x;. 
We define the mapping f, , f2 and fi as follows. 
Define f, from X onto itself such that f,lX, is the identity mapping, while 
f,]X,: X2+ XZ is the mapping g defined in Lemma 2 with card g-‘(x) = 2 and 
g(x) =x. 
Define f2 from X onto X, such that f21X, is the identity mapping, while f21X2 is 
the natural embedding of XZ into X, . 
Define f3 from X, onto Y as the natural mapping which identifies each copy A” 
with A, and each copy B” with B. 
Put f =fTf2f,. It is clear that f: X + Y is continuous and onto. It is not difficult 
to verify that f is exactly (4, 1). Hence, since f,, f2 and f3 are closed mappings, it 
follows that f is perfect. The proposition is proved. 0 
Proposition 2. Each local dendrite Y containing a simple closed curve is an exactly 
(4, 1) image of some dendrite X. In particular, if Y is a graph, then X is a tree. 
Proof. Compactness is an inverse invariant of perfect mappings (see Theorem 3.7.24 
of [2, p. 2421). q 
Since each generalized local dendrite is a one-to-one image of itself the following 
theorems are immediate from Propositions 1 and 2. 
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Theorem 1. For each generalized local dendrite (generalized graph, respectively) Y 
there are a generalized dendrite (generalized tree, respectively) X and an exactly (n, 1) 
perfect mapping of X onto Y for n = 1 or n = 4. 
Theorem 2. For each local dendrite (graph, respectively) Y there are a dendrite (tree, 
respectively) X and an exactly (n, 1) mapping of X onto Yfor n = 1 or n = 4. 
In [4, Theorem 11, we have shown that there is an exactly (n, 1) mapping from 
a graph G onto itself, for some integer n ~2, if and only if G contains no end 
points. The following example shows that the characterization does not hold for 
local dendrites. 
Example. There is a local dendrite X with endpoints such that for every n 2 2 there 
is an exactly (n, 1) map from X onto itself. 
Let (x, y) denote a point of the Euclidean plane having x and y as its rectangular 
coordinates and let S’ denote the unit circle with centre at the origin. Choose the 
set A, = ((1, 0), (0, l), (-1, 0), (0, -1)) in S’. For each point p in A,, denote by A; 
the straight line segment of 4 length which is perpendicular to S’ and whose middle 
point is just the point p. Put X, = S’ u UAT. Further, the set A, divides S’ into four 
congruent arcs, the interiors of which are disjoint. Let A, be the set of all middle 
points of these arcs. Again, for each element p in AZ, denote by A! the straight line 
segment of a length which is perpendicular to S’ and whose middle point is p. Put 
X, = X, u lJA<. Continuing this procedure we obtain an infinite sequence of sets 
X1,X2,X3,.... We see that X = u{Xi: i E {1,2,3,. . .}} is a local dendrite. (See 
Fig. 4.) Note that there is a surjective mapping f: X + X such that f IS’ : S’ + S’ 
winds up the circle S’ onto itself exactly n times, that is exactly (n, 1). 
Fig. 4. 
S. Mikhs / Exactly (n, l)-mappings 53 
Problem. Characterize these local dendrites which admit exactly (n, 1) mappings 
onto themselves, where 2 s n < ~0, for some n. 
Question 1. For which integers n, besides n = 1 and n = 4, is it true that if Y is a 
local dendrite, then there is a dendrite X that maps exactly (n, 1) onto Y? 
Question 2. Which locally connected continua are the image of some dendrite under 
an exactly (n, 1) mapping? 
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